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1. INTR~DUCTI~N 
A graph G is a set of elements, called vertices, together with another set 8 
of (nonordered) pairs (x~ , x8) of distinct vertices in G. Geometrically speaking, 
a graph is a set G of points, or vertices, such that any two points x, and xs are 
adjacent, or joined by an edge, if and only if the pair (x, , xs) belongs to 8’. 
A family .9 of sets (S, 1 a E A) is a graph, G(sF), in a natural sense: $r is 
the set of vertices, and any two vertices S, and Sa are adjacent if and only if 
a! # ,9 and S, n S, f 0, where 0 denotes the empty set. This furnishes a 
concrete example of a graph. The following well-known theorem shows that 
all graphs are concrete, in this sense. 
THEOREM 1. (See [l], [2], [3], [4]). Let G be an artitrury graph. Then there 
is a family F of sets S, , S, ,... which can be put into one-to-one coms$xnsdeme, 
S, t+ x, , with the m&es x, of G in stub a way that x, and xe are udjacmt if 
andonlyifS,nSe# 0. 
Various subclasses of graphs G(s) in which 4t is a family of intervals, a 
family of chords of a given circle, the family of proper subsemigroups of a 
given semigroup have been investigated previously by Lekkerkerker and 
Boland [5], Kotzig [6], Bos&k [4] and Lin [7], respectively. 
The purpose of this paper is to introduce the graph G(9) in which R is the 
family of all atsper subsemirings of a given semi&g R, and to study the 
connectivity (see Definition 1, below) of G(g). The question of whether the 
graph G(Y) of a semigroup S with card S # 2 is connected [4] has recently 
been settled by the first author in the affirmative [7]. ft is then natural to ask 
whether the graph G(.%) of a given semiring R is connected. We pose the 
following 
Conjecture. The graph G(9) of a semiring R of cardinahty distinct from 
two is brewed. 
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Some partial solutions to this conjecture in which R is either commutative, 
or uncountable, or left unital are presented here in the hope that the general 
solution may be obtained in the near future. 
2. DEFINITIONS ANDPRELIMINARIES 
A semiring is a nonempty set R equipped with two binary operations, called 
addition + and multiplication (denoted by juxtaposition), such that R is 
multiplicatively a semigroup and additively a commutative semigroup and 
that the multiplication is distributive across the addition. Henceforth, we 
shall reserve the letter R for a semiring. 
Examples of semirings are numerous. The set of natural numbers, of all 
polynomials with coefficients in the set of positive real numbers, and of all tl 
by tl matrices with positive entries over an arbitrary ordered field (or an 
ordered ring) are, to name a few, semirings under their usual operations. 
A semiring R is wital (left unital) provided, there exists an element e in R, 
called the unit (a left unit), such that ex = x = xe(ex = x) for all x in R. For 
any x in R, we shall write (m + 1)x (x”+l) for x + mx (XX”) for any positive 
integer m, where lx = x, x1 = x, and write x + R(xR) for the set 
{x + y 1 y E R} ({xy 1 y E R}). The term subsemikings of a semiring has its 
obvious meaning. 
PROPERTY 1. For any x in R, xR and Rx are subsemirings of R; if further- 
more x2 = x, then x + R is a subsemiring of R. 
Proof. Trivial. 
PROPERTY 2. If F is a family of subsemirings of R such that 
is a suhsemiring of R. 
Proof. Obvious. 
If {x1 ,...) x,} CR, we write (x1 , xs ,..., x,) for the smallest subsemiring 
of R containing {x1 , x, ,..., x,,}; such a subsemiring exists, by Property 2. 
Let us, henceforth, agree that W denotes the set of allproper subsemirings of R. 
By the graph of R, we mean the graph G(9) with 9 as the set of vertices in 
which R, and Re are adjacent if and only if R, # Re and R, n Re # q . 
DEFINITION 1. Let S be a family of sets, a subset (V1 , I’s ,..., I’,,} of 
S forms a path, or a chain, between Vi and V, in the graph G(S) if and only 
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if Vi n Vi+, # 0 for all i = 1,2,..., n - 1. A graph is said to be connected 
provided, for every pair of vertices there is a path between them. 
Thus, algebraically speaking, the graph of a semiring is connected if and 
only if for every pair of proper subsemirings, there is a chain of proper sub- 
semirings between them. 
The following two properties are especially useful in the next section. To 
avoid repetition, let us say it once and for all that the symbols m, n, k, i and j, 
with or without subscripts, always represent positive integers. 
PROPERTY 3. Let R be a unital semiring with unit e and an element d such 
that2d=d=d2ande+d=e.ThenthesetR,={xIxERandx+d=-2ke 
for sovu k} is either empty or a subsemiring of R. 
PROOF. If xi , x2 E R, , then xi + d = 2&e and x2 + d = 2kp for some 
k, and k, . Consequently, 
(XI i- ~2) f d = xl + x2 + 2d = (x1 + d) + (x2 + d) = 2(k, + k,)e, and 
4hb = (XI + 4(x2 + 4 
= x1x2 + dx, + x,d + da 
= 3~1~~ + (dx, + d2) + (x,d + d2), since d2 + d2 = d2, 
= ~1x2 + 4x2 + 4 + (~1 + d) d 
= x1x2 + 2(k, + k2) d, since d(2k+) = 2k&, 
= x1x2 + d, since d + d = d, 
which shows that if Re # 0 then it is a subsemiring of R. 
PROPERTY 4. Let R be a unital semiring with unit e, and let e + x = e 




e + XlXa = (e + X2) + X1x2 
= e + (x2 + x1x2) 
= e + (e + 4 x2 
= e + x2 = e, which shows R, is a subsemiring of R. 
3. coNNEcxIvITY TIIEOREMS 
Let us first observe that the set {O,l} equipped with addition and multi- 
plication given by the following tables is a unital semiring with exactly two 
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disjoint proper subsemirings (0) and (1) , and hence, its graph, which con- 
sists of two isolated vertices, is not connected. 
+ 0 1 0 1 -- -- 
0 01 0 00 
1 1 1 101 
We conjecture that this is the only exception, and all the other semirings 
would have connected graphs. We now present support of this conjecture. 
Since the graph of the trivial semiring, which consists of one element alone, 
is trivially connected, we need only study those semirings with more than two 
elements. 
PROPERTY 5. The graph of a unital semiring with more than two elements is 
connected. 
Proof. Let R be such a semiring with unit e. Let R, and R, be any two 
disjoint proper subsemirings of R, and let a E R. and b E Re be two arbitrary 
fixed elements. We shall exhibit a path, in G(9), between R, and Re . Clearly, 
either {R, , (a, 2e), (2e, b), R,} is a path, or otherwise (a, 2e) = R or 
(2e, b) = R. Let us assume that (a, 2e) = R; the case (2e, b) = R can be 
similarly handled. 
It suffices to construct a proper subsemiring R, of R such that 
R, n R, # 0 and R, n (e) # 0, because if this has been proved, then 
similarly there must exist R, in 99 such that Re n Rs f 0 and R3 n (e) # 0. 
Consequently, {Ro: , R, , R3, Re} is a path, and the graph G(9) is connected. 
To this end, we now divide the rest of the proof into the cases: (1) 2e = e 
and a2 = a, (2) 2e = e and a2 # a, and (3) 2e # e. 
Case 1: 2e=eanda2=a 
It follows from R = (a, 2e) and card. R > 2 that R consists of exactly 
three elements, e, a, and e + a, and the proper subsemirings are {a}, {e}, 
E,+,“kef e + a} and {a, e + a}. It is then easily seen that the graph G(9) is 
Case 2: 2e =eanda2#a 
Since R, may be chosen to be (e, a2) if (e, a2) f R, we sssume that 
(e, a2) = R. Then, since a E (e, a?-), there are two possibilities: 
a = &kl + a% + a-- + a2kn for some k, , (i = 1,2 ,..., n). (2.1) 
a = e + (a2kl + a2ka + *-* + a2km) for some kj ,(j = 1, 2 ,..., m). (2.2) 
We remark here that a = e is not a possibility, because a2 + a. 
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Subcase 2.1: a = askI + aska + ..* + aBkn for k, ,(i = 1, 2 ,..., n). We 
have a = a@(a), where@(a) = as&l-1 + a*ks-l + 6.. + a+--1. Sincep(a) E R, 
and 
Case 1 now applies here, by using p(a) for a, to conclude that the graph G(9) 
is connected. 
Subcase 2.2: a = e + (a2kl + azka + *** + a2km) for some k, , 
(j = 1, 2,..., m). By Property 1, e + R is a subsemiring of R. Since 
aE(e+R)nR,ande+2eE(e+R)n(e),wemaychooseR,=e+Rif 
e + R # R. If e + R = R, then it follows from e + e = e that e functions 
as additive zero. Whence, a = e + (a”” + *** + a”&) = ask1 + e-e + a2h 
and the subcase 2.1 now applies. 
Case 3: 2e # e. 
It follows from <a, 2e) = R that the element e may have the following 
possible expressions: 
e = he + ?zxaml + ?&#* + a*= + n,amk for some R, n, , md , (3.1) 
(i = 1, 2,..., k); 
e = 2ne for some n, (3.2) 
and 
e = nlaml + -se + n@k. 




Subcase 3.1: e = 2ne + xf., npms, for some n, tti , and mr , (i = 1,2 ,..., k). 
Denote f(a) = CfS1 +zrn* and d = (2n - 1) e + f(a), then e = e + d, and 
hence, d + d = [ f(a) + (2n - I) e] + 9 = f(a) + [@a - 1) e + d] = 
f(a) + (2s - 1) e = d. B y squaring both handsides of the equality e = e + d, 
we obtain e = e + d2. Consequently, 
d + da; = [ f(a) + (2n - 1) e] + dZ = f(a) + (27~ - 1) e = d, 
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and on the other hand 
d + d2 = d + [(2n - 1) e + j(a)]” 
= d + [(2n - 1)” e + 2& - 1) f@) + j(~)zl 
= [d + (2s - iI2 4 + 2f2n - 1) j(a) + j(a)” 
= d2, since d + (2n - 1)” e = (2~ - I)* e. 
Thus, d satisfies the hypothesis of Property 3, and hence, R, = {x / x E R and 
x + d = 2ke for some k), which contains 2e of (e), is a subsemiring of R. 
Also, 
d + j(u)” = (2% - 1) d + Jo 
= (2n - Wn - 1) e + f(41 + I%# 
= (2n - v f? + mrPJ - 1) e + ml 
.= (2Fa - I)“e+(2n - l)d+ j(a)d 
= (2n - l)“e+d* 
= (2n - 1)” e. 
The first equality follows from d = d + d, the fourth equality from e = e + d, 
and the final equality from e + d8 = e. Thus, 
2[ j(u)]” + d = 2 j(u)” + 2d = 2(2n - I)* e, 
which implies 2 j(a)” E Rd n R,, . Now, if Rd f R then we choose Rz = Rd ; 
otherwise, if Rd = R then we consider Re = (x J x E R and e + x = ef which, 
by Property 4, is a subsemiring containing d. 
Since, 




R. n R, + c], (2n - 1) j(a) + j(a)” being a common element. We have 
Re n (e) f 0, because the element d E R, which, as an element of Rd = R, 
is also equal to some 2ke c (e). We finally choose R, = R6 safely, because 
e+efeassurese#R,andR~~z%. 
Subcuse 3.2: e = 2ne for some it > 1. Let e, = (2n - 1) e, then 
e, + e, = e, and e,s = e, . 
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We may choose R8 = (el , a), unless (eX , a) = R. In the latter case e would 
be in (ei , a), and hence there would be at most the following three expres- 
sions for the element e: 
and 
e = el ; 
e = p(a) for some p(u) E (a}; 




The Case (3.2.1) leads to e + e = e, + e = 2ne = e, a contradiction. The 
Case (3.2.2) implies R = (a, 2e) = (a) C R, # R, a contradiction also. 
Finally, we point out that the Case (3.2.3) may be treated as Subcase 3.1. The 
proof for Property 5 is now complete. 
The following theorem is more general than Property 5 above; however, 
Property 5 is used in the proof of this theorem. We shall not give all the details 
of the proof whenever similar techniques aa used in the proof of Property 5 
apply here. 
THEOREM 2. The graph of Q left unitul semiring with mare than two ele- 
mats is comrected. 
Proof. Since the graphs of the unital semirings with more than two 
elements have been proved in Property 5 to be connected, we consider now 
only left unital semirings that are not unital. Let R be such a left unital 
semiring with more than two elements, and let e denote a left unit of R. Let 
R= and RB be any two disjoint proper subsemirmgs of R, and let o E R= and 
b E RB be any two fixed elements. We shall exhibit a path (R= , Rs , Re, 
R&, R,), in G(9), between R, and RB. Notice that R is non-unital implies 
that Re is a proper subsemiring of R (see also Property 1). It is sufficient to 
construct the half path {R, , Rs , Re), since the other half {Re, R, , RB) may 
be constructed similarly. We also divide the proof into the same three cases 
as in the proof of Property 5. 
Case I: 2e=eun4iu8=a. 
We may choose RB = (a, e}, unless (a, e) = R. In the latter case, we have 
R = (e, 11, ue, e + a, e + a, a + ue, e + a,+ m}l with the following multi- 
plication table (the addition table may be constructed easily). 
1 We assume here that all these seven elements are distinct. If not all efementa are 
distinct; for instance, c = ue implies R = {a, e, e + n} and we choose the “master” 
subsemiringa {e, e + n}, {a, e f a}. The other cases may be handled similarly. 
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e a ae e+a e+ae a+ae e+a+ae 
e e a ae e+a e+‘ae a+ae e+a+ae 
a ae a ae a + ae ae a + ae a + ae 
ae ae a ae a + ae ae a + ae a +’ ae 
e+a efae a ae e+a+ae e+ae a+ae e+a+ae 
e + ae e+ae a ae e+a+ae e+ae a+ae e+a+ue 
a + ae ae a ae a + ae ae a+ae a+ae 
e+a+m e+ae a ae e+a+ae e+ae a+ae e+a+ae 
From the above multiplication table and the addition table (which was 
omitted for the sake of space saving), we find the following two “master” 
proper subsemirings. 
and 
{a, ae, E + ae, a + ae, e + a + ae, e + a} 
{e, ae; e + ae, a + ae, e + a + ue, e + u}. 
Since the union of these two proper subsemirings contains R, the graph 
G(9) is connected. 
Case2: 2e==eanda2#a. 
Since the subsemiring {a, ae) intersects both R= and Re we choose 
Rz = (a, ae), unless <a, ae> = R. In the case (a, ae> = R, the element 
e E {a, ae) has the following three possible forms: 
Subcase 2.1: e = p(a), for some p(a) E (a}, This leads to 
R = (a,ae) = (a)CRu# R, 
a contradiction. 
S&x.re 2.2: e = p(a) e, for some p(a) E (a}. By multiplying p(a), from 
the right, to both sides of the equality e = p(u) e, we have p(a) = ($(a)]*. 
Case 1 now applies here by using p(a) instead of a. 
Subcase 2.3: e = q(a) + ( ) , f r a e or some q(a) and r(a) in <a>. By multi- 
plying e, from the right, to both sides of the equality e = q(a) + r(a) e, we 
have e = [q(a) + r(a)] e. 
Now, Subcase 2.2 above applies here by using q(a) + r(a) instead of p(a). 
Case 3: e+e#e. 
Since the subsemiring (a, ae) intersects both R# and Re, we again choose 
R, = (a, ae), unless <a, ae) = R. In the latter case, the element e E <a, ae) 
has the following forms: 
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Subcuse 3.1: e = p(a) e, for some p(a) E (a). By multiplying p(a), from 
the right, to both sides of the equality e = ~(a) e, we have p(a) = p(a)“. 
Since the subsemiring (p(u), 2e) intersects both R, and Re, we now choose 
R, = (~(a), 2c), unless (p(u), 2e) = R. In the case (p(u), 2e) = R, the 
element e may possibly be expressed in the following three forms: 
e = 2ne for some n. (3.1.1) 
Let e, = (2n - 1) e, then e, + e, = e, and er2 = e, . Since 
(2n-l)a=e,aER,ne,R and elRnRe#a, 
we choose R, = e,R, unless e,R = R. In the case e,R = R, the element e, 
functions also as a left unit of R, and 2er = er . Consequently, Case 1 applies 
here by using e, instead of e and p(u) instead of a. 
e = 2ne + mp(u), for some n and m. (3.1.2) 
Let d = (2n - 1) e + mp(u), th en e + d = e and d + d = d. Conse- 
quently, e + d2 = e + d + d2 = e + (e + d) d = e + ed = e. By the same 
method we used in the proof of Subcase 3.1, Property 5, we obtain de = d. 
Since da = (2n - 1) a + mp( a a is a common element of R, and dR, and ) 
dR n Re # 0, we choose R, = dR unless dR = R. In the case dR = R, d 
is a left unit of R; and hence, Case 1 applies here by using d instead of e and 
p(u) instead of a. 
e = mp(u), for some m. (3.1.3) 
This lead to R = <p(u), 2e) C R, # R, a contradiction. 
Subcase 3.2: e = q(u) + r(u) e, for some q(u) and r(u) in (a). It follows 
that by multiplying e from the right to both sides of e = q(u) + t(u) e, 
e = [q(u) + r(u)] e. Th IS reduces to Subcase 3.1 by using q(u) + Y(U) for p(u). 
Subcase 3.3: e = q(u), for some q(u) E (a). In this case we have 
R = (a, ue) C R, # R, a contradiction. Thus, the proof for Theorem 2 is 
complete. 
DEFINITION 2. A semiring R is said to be normal if and only if XR = Rx 
for all x in R. 
THRORRM 3. Let R be a normal semiring with more than two elements, then 
thegraph G(g) of R is connected. 
Proof. Let R, and R, be any two disjoint proper subsemirings of R, and 
let a E R, and b E Re be any two fixed elements. Then {R, , uR, Rb, R,} is a 
path between R, and Re, unless UR = R or Rb = R. Assume UR = R 
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(the case Rb = R may be handled similarly). It follows from R = aR = Ra 
that there exists an element e E R such that a = ea. For each x E R, R = aR 
implies that there exists an element y E R such that x = ay. 
Whence, 
ex = e(ay) = (ea) y = ay = x, 
which shows R is left unital and thus, by Theorem 2, the graph G(9) is 
connected. 
COROLLARY. The graph of a commutative semiring with more than two 
elements is connected. 
THEOREM 4. Let R be a semiring with uncountably many elements. Then the 
graph of R is connected. 
Roof. Let R, and Re be any two disjoint proper subsemirings of R. Take 
a E R and b E R, at random. Then since the semiring (a, b) generated by two 
elements has at most countably many elements, (;R, , (a, b), R,) is a path. 
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